Compositional convection is thought to be an important energy source for magnetic field generation within planetary interiors. The Prandtl number, P r, characterizing compositional convection is significantly larger than unity, suggesting that the inertial force may not be important on the small scales of convection as long as the buoyancy force is not too strong. We develop asymptotic dynamo models for the case of small Rossby number and large Prandtl number in which inertia is absent on the convective scale. The relevant diffusivity parameter for this limit is the compositional Roberts number, q = D/η, which is the ratio of compositional and magnetic diffusivities. Dynamo models are developed for both order one q and the more geophysically relevant low q limit. For both cases the ratio of magnetic to kinetic energy densities, M, is asymptotically large and reflects the fact that Alfvén waves have been filtered from the dynamics. Along with previous investigations of asymptotic dynamo models for P r = O(1), our results show that the ratio M is not a useful indicator of dominant force balances in the momentum equation since many different asymptotic limits of M can be obtained without changing the leading order geostrophic balance. Furthermore, the present models show that inertia is not a requirement for driving low q, large-scale dynamos.
Introduction
Planetary dynamos are thought to be generated by buoyancy-driven turbulence. Both thermal and compositional heterogeneities are possible buoyancy sources. The physical characteristics of thermal and compositional scalars are distinguished by their respective diffusion coefficients. Studies suggest that the thermal diffusivity in the Earth's outer core is larger than the compositional diffusivity by a factor of a thousand (Pozzo et al., 2013) ; i.e. in non-dimensional terms, the Lewis number, Le = κ/D = O(10 3 ), where κ and D are the thermal and compositional diffusivities, respectively. Denoting the fluid kinematic viscosity as ν, the Prandtl numbers for the two scalars are therefore related via P r C = LeP r T , where P r C = ν/D = O(100) and P r T = ν/κ = O(10 −1 ). Compositional convection has long been thought to play an important role in powering the geodynamo (Braginsky, 1963; Stevenson et al., 1983; Buffett et al., 1996) . Recent studies have found that the thermal conductivity of the Earth's core may be larger than previously thought (Pozzo et al., 2012; de Koker et al., 2012) , suggesting that thermal convection may not play an important role in powering the geodynamo due to an associated increase in the conductive, adiabatic heat flux (Davies, 2015) . Compositional convection has been suggested as the alternative power source for sustaining the geodynamo over the course of the Earth's evolution; this has stimulated interest in understanding the origin of such compositional heterogeneities (e.g. O'Rourke and Stevenson, 2016) . There is clearly a need to better understand compositional convection and its influence on magnetic field generation.
Provided the buoyancy forcing is not too strong, it is well known that the influence of inertia may be weak in large Prandtl number (thermal or compositional) convection (e.g. Sreenivasan and Jones, 2006) . The so-called large Prandtl number asymptotic limit can be used to remove inertia from the momentum equation; the resulting reduced system of equations are routinely employed for numerical investigations of convection in the Earth's subsolidus mantle where Prandtl numbers in excess of O(10 20 ) are typical (e.g. Schubert et al., 2001) . In liquid metal planetary interiors the large Prandtl number limit is certainly invalid for the case of thermal convection, though it may be a useful approximation for describing compositional convection. We stress here, however, that the magnetic Prandtl number P m = ν/η = O(10 −5 ) in the Earth's core, where η is the magnetic diffusivity. The large Prandtl number limit provides an interesting end-member case of convection in which all wave motion (inertial and magnetic) is absent; this approximation may then allow for assessing the influence that different waves might have on the dynamo when compared to cases that include inertia.
Many previous dynamo investigations have neglected the influence of inertia (e.g. Zhang and Busse, 1990; Glatzmaier and Roberts, 1995; Jones and Roberts, 2000; Rotvig and Jones, 2002; Hughes and Cattaneo, 2016) . One of the arguments given in the literature for this simplification is that such effects are likely small in the Earth's core because the Rossby number, Ro = U/2ΩL, is small (U is a characteristic flow speed, Ω is the rotation rate, and L is a characteristic length scale). However, a flow that is characterized by a small Rossby number does not, by itself, imply that inertia is not important in the dynamics. It is well known that small Rossby number flows can be highly turbulent, i.e. that the available potential energy in small departures from geostrophic balance is substantial (e.g. Pedlosky, 1987) . It is therefore necessary to rely on employing either the large Prandtl number limit, or to arbitrarily restrict the flow to weakly supercritical states in order to justify rigorously the neglect of inertia; both of these approximations require the Reynolds number Re = UL/ν to be small.
Despite the significant numerical advantages associated with eliminating inertia, the resulting set of equations still possess significant stiffness owing to the intrinsic separation in scales that occurs when the Rossby number is small. The mathematical result of this limit is that spatial derivatives perpendicular to the rotation axis become asymptotically larger than derivatives parallel to the rotation axis (Chandrasekhar, 1961) and that fast inertial waves become weakly damped. For this reason, the computational models that have employed the large Prandtl number approximation are still unable to reach the relevant geophysical limit of small Ekman number, Ek = ν/2ΩL 2 ≪ 1. It is therefore advantageous to pursue further reduction strategies that exploit the scale separation of rapidly rotating convection with the use of multiscale asymptotics (e.g. Julien and Knobloch, 2007) . Such an approach has proven invaluable for investigating the onset of linear convection in spherical geometries (Roberts, 1968; Busse, 1970; Dormy et al., 2004) , weakly nonlinear dynamo action in the plane layer geometry (Childress and Soward, 1972; Soward, 1974; Fautrelle and Childress, 1982) , and for the development of a fully nonlinear reduced convection model in the plane layer (Sprague et al., 2006; Julien et al., 2012) . Calkins et al. (2015) recently extended the Childress-Soward weakly nonlinear dynamo model by developing a fully nonlinear reduced dynamo model that is capable of simulating dynamo action well above the onset of convection; we refer to this new reduced model as the quasi-geostrophic dynamo model (QGDM). In the present work we extend the QGDM to the large Prandtl number limit for the purpose of investigating the physical ramifications.
Model Development
The development given here closely follows that of Calkins et al. (2015) . Since our interest is on the small-scale convective dynamics of planetary interiors, we consider the simplified rotating plane layer geometry in which a fluid layer of depth H is confined between two horizontal boundaries. Such a geometry might be considered a simplified version of the region just above and below the inner core, known as the tangent cylinder (e.g. Aurnou et al., 2003) . The system rotates about the vertical axis with rotation vector Ω = Ω z, and the gravity vector is g = −g z. We utilize the Oberbeck-Boussinesq approximation and denote the fluid density as ρ. The fluid layer is heated from below and cooled from above by a constant temperature difference ∆Θ. The governing equations are written as
where we have non-dimensionalized utilizing the small horizontal scale of the convection ℓ, compositional diffusion time ℓ 2 /D, modified pressure ρ(2Ωℓ) 2 , magnetic field magnitude B and temperature ∆Θ. To simplify notation, the subscript on the Prandtl number is omitted with the assumption that we are considering a compositional Prandtl number in the context of planetary interiors. The Rayleigh number and the compositional Roberts number are defined by
where the thermal expansion coefficient is γ. The small-scale Ekman and Rayleigh numbers are related to their large-scale counterparts by the relations
In its most general form, the parameter M, which is the ratio of magnetic to kinetic energy densities, is given by
where the Alfvén velocity is defined as U A = B/ √ ρµ and µ is the magnetic permeability. Thus, M is also the square of the inverse Alfvén number. With the compositional diffusion scaling
In the limit of rapid rotation it is well known that convection becomes highly anisotropic with aspect ratio H/ℓ = Ek −1 ≫ 1, where H is the depth of the fluid layer (Chandrasekhar, 1961) . This inherent scale separation is exploited with the use of multiscale asymptotics such that the axial space derivative and time derivative are written as (cf. Calkins et al., 2015 )
The slow axial coordinate is Z = Ek z, the convective timescale is given by t, the slow mean magnetic field timescale is τ = A −1 τ t and the slow mean temperature timescale is T = Ek 2 t. We find that the precise definition of A τ depends upon the asymptotic ordering of q employed, and so will be given explicitly in later sections. The Proudman-Taylor constraint of vertical invariance is satisfied on the small axial scale z; to allow for convection on the large-scale axial coordinate Z this constraint must be broken at O(Ek).
Each dependent variable is decomposed into mean and fluctuating components. For example, the generic variable f is written as
where
and V is the small-scale fluid volume. The fast and slow coordinates are given by (x, t) and (Z, τ, T ) respectively. To simplify the presentation we focus only on the case when no large-scale horizontal modulation is present. The result of this simplification is that the mean velocity and the mean axial magnetic field are both zero; use of this fact is made from the outset. Utilizing decompositions of the form (10) for each variable, the equations are separated into mean and fluctuating components. Averaging the equations over fast temporal and spatial scales results in the mean equations
where the mean Lorentz force is F L = b ′ · ∇b ′ and Gauss's law is trivially satisfied for the mean magnetic field in the absence of large-scale horizontal modulations.
The fluctuating equations are obtained by subtracting the mean equations from the complete equations to yield
where the superscript "T" denotes a transpose.
The mean and fluctuating equations are reduced by representing each dependent variable with a double asymptotic expansion in powers of Ek 1/2 and P r −1 , and taking the limits (Ek, P r −1 ) → 0. For example, the fluctuating velocity field becomes
The derivation of the reduced (mean and fluctuating) induction and heat equations is identical to those given previously in Calkins et al. (2015) . To avoid repetition we therefore focus only on the differences between Calkins et al. (2015) and the present work.
The mean momentum equation gives hydrostatic balance at O(P r/Ek)
where the reduced Rayleigh number is defined as
Geostrophy appears for several orders in the fluctuating momentum equation, with the leading order expression at O(P rEk
Similarly, the continuity equation gives
We can then define the geostrophic streamfunction as ψ
In agreement with previous work (Calkins et al., 2015) , we require that
Solvability consists of operating on equation (24) with z · ∇× and z· and averaging over the small axial scale z to obtain the fluctuating vorticity and axial momentum equations
where use has been made of the continuity equation at O(Ek)
Apart from the Lorentz force, these equations are identical to those studied in Sprague et al. (2006) . The reduced mean and fluctuating heat equations are given by
At this point the Lorentz force has been kept in general form. For a saturated dynamo state to be possible, the Lorentz force must enter at the same asymptotic order as the other terms present in equation (24) such that
If we take |B| = O(1), as understood by the definition of M, we find two possibilities that both hinge on |b ′ | = O(q) to allow magnetic diffusion to be important on the small horizontal scales; these are q = O(1) and q = O(Ek 1/2 ). We discuss each of these limits in the following two subsections.
The q ≪ 1 limit
The geophysically relevant, low q, regime is characterized by the distinguished limit q = Ek 1/2 q, where q is an order one, asymptotically reduced, compositional Roberts number. For this limit the magnetic to kinetic energy density ratio becomes
and the fluctuating Lorentz force simplifies to
The reduced induction equations are given by
where the mean magnetic field timescale is τ = Ek 3/2 t such that A τ = Ek −3/2 . Thus, we find that for dynamo action to occur in this limit the fluctuating magnetic field must be asymptotically weaker than the mean magnetic field and only "mean-eddy" interactions are important in the Lorentz force. The reduced mean magnetic field equation (33) shows that temporal changes arise from imbalances in ohmic diffusion on the large vertical scale Z and the electromotive force (emf). In contrast, the reduced fluctuating magnetic energy equation is the well-known quasi-static form whereby the fluctuating magnetic field adjusts instantaneously relative to the fluctuating velocity field.
The q = O(1) limit
The q = O(1) limit is representative of the parameter regime accessible by direct numerical simulation (DNS) (e.g. Stellmach and Hansen, 2004; Hughes and Cattaneo, 2016) . For this limit the mean and fluctuating magnetic fields are of the same asymptotic order and the magnetic to kinetic energy density ratio scales as
The reduced Lorentz force becomes
In contrast to the low q limit, both mean-eddy and eddy-eddy interactions are important in the saturation of the magnetic field. The reduced induction equations are given by
where the mean magnetic field evolves on a faster timescale τ = Ek t relative to the low q limit.
Here we see from equation (37) that ohmic diffusion is subdominant relative to induction on the large vertical scale. The fluctuating induction equation shows that horizontal advection of the fluctuating magnetic field becomes important, and the first-order-smoothing approximation is no longer valid in this limit (e.g. see Moffatt, 1978) .
Discussion
In the present work we have developed two self-consistent asymptotic dynamo models valid for inertia-less, large Prandtl number, rapidly rotating convection. In contrast to the previous work of Calkins et al. (2015) , it is the Roberts number q, rather than P m, that becomes the important diffusivity parameter in the final model. However, we can relate these two parameters upon noting that q = P m/P r. We emphasize here that q should be interpreted in terms of a compositional Roberts number. For q = O(1), this implies that P m = O(P r), i.e. P m ≫ 1, which is clearly not relevant geophysically. For the q = O(Ek 1/2 ) model we have P m = O(P rEk 1/2 ); to obtain P m ≪ 1 we require that P r < Ek −1/2 , or in terms of Ek H this becomes P r < Ek −1/6 H . This latter requirement is fully consistent with the asymptotics, showing that it is possible to drive a low P m, low q dynamo with inertia-less convection in the limit of rapid rotation. Recalling that for the Earth's core Ek H = O(10 −15 ), so that the large Prandtl number approximation is only valid provided P r O(300); studies suggest that this inequality does hold for most chemical species (Pozzo et al., 2013) .
We note that both the small q model of the present work and the small P m model of Calkins et al. (2015) are small magnetic Reynolds number models, Rm = Uℓ/η ≪ 1. In addition, the small q model is characterized by a small convective-scale Reynolds number, Re = Uℓ/ν ≪ 1; this follows from the fact that the Péclet number P e = Uℓ/D = P rRe = O(1) to allow convective heat transport. How, then, are such flows capable of driving small P m dynamos in light of the relation Rm = ReP m? The answer lies in the fact that the large-scale magnetic Reynolds number, Rm H = Rm/Ek, remains large since we have
Thus, magnetic induction dominates ohmic diffusion on the large (Z) scale, consistent with the fact that both of the models presented here, and those developed in Calkins et al. (2015) , are large-scale dynamos. Indeed, setting the mean field to be identically zero in any of the variations of the QGDM will eliminate all dynamo action. We can also place a bound on the Reynolds number by utilizing the relation Rm = ReP m. For the small Rm limit this implies that Re > Ek 1/2 for the fluid to be considered low P m since Re = P e/P r = O(1/P r). The neglect of inertia is therefore limited to a finite range in Ra since Re will grow as the buoyancy forcing is increased. Since Re is an unknown function of Ra, we require detailed numerical simulations of the QGDM to determine the appropriate range in Ra over which the large Prandtl number limit remains accurate. Table 1 shows the various asymptotic limits employed in the present work and the P r = O(1) cases of Calkins et al. (2015) . Taken together, these investigations show that the ratio of magnetic to kinetic energy densities, M, is not indicative of dominant balances in the governing equations since all of these models are geostrophically balanced. Rather, the size of M is related to the presence of Alfvén waves in the reduced dynamics; order one values of M indicate the presence of these waves, whereas such waves are filtered if M ≫ 1. This filtering can be obtained by asymptotically eliminating the time derivative of either the velocity field in the fluctuating momentum equation or the time derivative of the magnetic field in the fluctuating induction equation. As shown in the present work, the elimination of both of these time derivatives yields a separation in the convective and Alfvén timescales that is larger than when only eliminating one of these time derivatives.
Consistent with DNS, only for the (P r, P m) = O(1) case do we find that M = O(1). There is very little available data for small q or small P m due to the computational cost of such studies, so no comparison can be made at present with the asymptotic relations for these limits. However, Stellmach and Hansen (2004) have reported values of M (denoted as E mag /E kin in their Table II) cases for which they consider the three Prandtl numbers P r = 1, 10, and 30, where the Rayleigh number is the same for all three cases. In order of increasing Prandtl number they find that M ≈ 2, 11, and 28, respectively. These computed values compare well with the predictions M = O(1), O(10), and O(30) based on the P r = O(1) model of Calkins et al. (2015) and the present q = O(1) model.
Although the present models are significantly oversimplified with respect to the Earth's outer core, it is nevertheless a useful exercise to determine if the asymptotic limits taken here are consistent with what is known about the geodynamo. Studies suggest a magnetic field strength in the core of B ∼ 1 mT (e.g. Gillet et al., 2010) and a flow speed of U ∼ 10 −4 m s −1 (e.g. Finlay and Amit, 2011) , leading to an Alfvén speed of U A ∼ 10 −2 m s −1 . These values lead to an estimate of M ∼ 10 4 where, to remain consistent Table 1 : Various asymptotic limits for the dynamo models developed in the present work (P r ≫ 1) and in Calkins et al. (2015) where P r = O(1). P r is the Prandtl number, q is the Roberts number and P m = qP r is the magnetic Prandtl number. The parameter M is the ratio of magnetic to kinetic energy densities. The Rossby number is given by ǫ = ReEk, where Re and Ek are the Reynolds and Ekman numbers based on the small convective scale.
with the asymptotic derivation, we assume that the observed velocity scales diffusively as given by equation (8). Since we know that (q, P m) ≪ 1 in the outer core, the small q inertia-less model of the present work and the small P m model of Calkins et al. (2015) give values of M ∼ 3 × 10 4 and M ∼ 3 × 10 2 , respectively, where we have assumed that Ek H = 10 −15 and P r = 100; utilizing smaller values of P r will yield corresponding reductions in our estimate of M. Although the large P r asymptotic estimate of M is in better agreement with our observational estimate of M, we emphasize that there is enough variation and uncertainty in the values of U and U A that may imply the P r = O(1) model is more relevant to core dynamics. Nevertheless, such a large value of M for the core does suggest that Alfvén waves are not likely to be important for the geodynamo on the small scales of convection, though they can play an important role on the large scales of the core (e.g. Gillet et al., 2010) . Simulations of the reduced dynamo models will better allow us to assess which approximation is more suitable for understanding the geodynamo. Recent kinematic investigations for the P r = O(1) QGDM are reported in Calkins et al. (2016a) and Calkins et al. (2016b) .
It is common in the literature to distinguish dynamo models based on the strength of the self-generated magnetic field. Childress and Soward (1972) defined the field strength based on the asymptotic ordering of the Hartmann number Ha H = BH/ (ρµην) 1/2 = Ek −1/6 H (qM/P r) 1/2 , and the deviation of the Rayleigh number from its critical value. With regards to the Childress and Soward (1972) terminology, the weak-field and intermediatefield regimes were investigated by Soward (1974) and Fautrelle and Childress (1982) ). However, we emphasize that both Soward (1974) and Fautrelle and Childress (1982) were weakly nonlinear investigations in the sense that the mean temperature profile is always near that of the conductive state. As a result, the ratio of magnetic to kinetic energy M is asymptotically small for both Soward (1974) and Fautrelle and Childress (1982) (e.g. see Calkins et al., 2015) . Therefore, both weak-field and intermediate-field dynamos have a magnetic energy that is asymptotically smaller than the kinetic energy in the flow. This characteristic is in stark contrast to the four variations of the QGDM, which describe saturated dynamos that can have magnetic energy of the same order as, or asymptotically larger than, the kinetic energy. It is thus an oversimplification to categorize turbulent dynamos in rapidly rotating systems as either weak-or strong-field. Indeed, the Lorentz can have just as much influence on the quasi-geostrophic flow as does the buoyancy force in the QGDM, as demonstrated by equation (24).
An important question is whether there is a signature of the predominant forcing mechanism for the geodynamo in geomagnetic field observations. For instance, does the morphology of the geomagnetic field, or behavior of the secular variation depend upon whether thermal or compositional forcing is dominant in the core? Convection simulations find that the dynamics can indeed exhibit quite distinct behavior depending upon the value of the Prandtl number (e.g. Breuer et al., 2010; Calkins et al., 2012) . The dynamics become further complicated when both forcing mechanisms are present (Trümper et al., 2012; Takahashi, 2014) . Dynamo simulations find that this Prandtl number dependence can result in significant changes in the structure of the resulting magnetic field (Busse and Simitev, 2006; Sreenivasan and Jones, 2006) . Moreover, 'two-and-a-half' dimensional models find that inertia changes the temporal character the resulting dynamo (Fearn and Morrison, 2001) , and mean-field models have found that the presence of inertia tends to facilitate dynamo action and therefore leads to stronger magnetic fields (Fearn and Rahman, 2004 ). The present model will allow for an extension of this previous work to the limit of rapid rotation and realistic fluid properties.
